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Since order parameter of the chiral symmetry breaking Green Functions are a useful link between the OPE
expansion and χPT we perform a calculation to the NLO in αs, working in the chiral limit, for all the 2 and 3
point ones. These Green Functions have no perturbative term in the chiral limit and thence their main contribution
comes from the 〈q¯q〉 operator.
1. Introduction
Although nowadays QCD is regarded as the fun-
damental theory responsible for all the strong in-
teraction phenomenology, we are still far from a
sheer understanding of many of its features.
Within the light quark sector and in the low
energy regime (E << mρ) QCD exhibits a spon-
taneous breakdown of the chiral symmetry. It
is believed that the operator responsible for this
phenomenon is the quark condensate 〈q¯q〉, which
acquires a non-vanishing value. Phenomenolog-
ically, this feature is reflected through the ap-
pearance in the spectrum of the so called pseudo-
Goldstone bosons. The effective theory govern-
ing their dynamics is Chiral Perturbation Theory
(χPT) [1]. This theory consists in an expansion
of the physical observables in terms of the mo-
mentum and quark masses.
In the deep Euclidean region (q2 << −m2ρ) one
can use the Operator Product Expansion (OPE)
[2], which is a series in inverse powers of mo-
mentum, each term multiplied by the appropriate
QCD operator.
For the intermediate region there is only one
known expansion parameter, namely 1/NC [3].
Large NC tells us that this region is dominated
by the hadronic resonances, that dictate their dy-
namics and implies that there must be an infinite
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number of them. All these features can be put
together in a Lagrangian formalism known as the
Resonance Chiral Theory (RχT) [4]. Still we lack
a method to handle an infinite tower of them,
and then the so called minimal hadronic ansatz
(MHA) is usually used, meaning that we only
consider the lowest lying ones. One is then able
to perform a matching of the three regimes and
thence to estimate the values of the low energy
constants (LEC’s) of the χPT Lagrangian [5].
Some effort has been done to push this study to-
wards 1/NC corrections through resonance loops
[6] and in the direction of including more reso-
nances in the ansatz [7].
Order parameter Green Functions are those
which in the chiral limit have no purely pertur-
bative term in the OPE and thus their leading
contribution results from the 〈q¯q〉 operator. Since
this operator is the responsible for the chiral sym-
metry breaking those Green Functions encode es-
sential information for a better understanding of
confinement.
So far only the O(α0s) has been calculated. In
this work we perform the first gluonic corrections
[8] which translates into scale and logarithm de-
pendences. This might be useful for a scale de-
pendence determination of the LEC’s and for in-
cluding the full tower of resonances.
1
22. Definitions
The QCD currents are colour singlets quarks bi-
linears. In general they can be written as:
Ja(x) =: q¯(x)ΓJ
(
λa
2
)
q(x) : , (1)
where λa are the Gell-Mann matrices of the SU(3)
group in flavour space and ΓJ is a Dirac matrix.
The mathematical definition of the Green func-
tions is as follows:
Π123= i
2
∫
d4xd4y ei(qx+py)〈T {J1(x)J2(y)J3(0)}〉,
Π12= i
∫
d4x eipx 〈T {J1(x)J2(0)}〉 , (2)
The expectation value in eq. (2) is to be un-
derstood with respect to the non-perturbative
QCD vacuum. This vacuum is responsible for the
breakdown of the chiral symmetry.
The OPE master formula expands the Green
Functions into an infinite sum of local operators
where the dependences in the space-time coordi-
nates are enclosed in the Wilson coefficients:
lim
p→∞
〈O1O2〉 =
∞∑
i=1
Ci (p, q, µ;αs) 〈Oi(µ, 0)〉 ,
Ci (p, µ;αs) =
∞∑
j=0
(αs
π
)j
Cij (p, µ) , (3)
O1 = 1 (identity) ,
O2 = 〈q¯q〉 ,
· · ·
In this work we deal with functions with C1 = 0
to all orders in αs. These are called order param-
eteres of the chiral symmetry breaking. We will
concentrate on the αs correction to the Wilson
coefficient C2.
The Vector and Axial-Vector currents are con-
served in the chiral limit. This fact is reflected
in the Green functions through the Ward iden-
tities. The Ward identity which the 〈AP 〉 cor-
relator must follow fixes completely in a non-
perturbative way its structure [8]:
(ΠµAP )
ab
= 2iδab
〈q¯q〉
q2
qµ , (4)
and so does not get any αs correction. The
only hadron interchanged by the two currents is
a pseudo-Goldstone boson.
3. Two point functions
Two point functions are of special interest since
at tree level they only receive contributions from
single Goldstone and resonance exchange. Let us
concentrate in the 〈V T 〉 correlator, which except
for the 〈AP 〉 is the only two point order parame-
ter of the chiral symmetry breaking. Vector me-
son resonances are interchanged between the two
currents. From general principles it can be in-
ferred that:
(ΠV T )
ab
µνα (p) = ΠV T
(
p2
)
δab (pαgµν − pνgµα) , (5)
Fig. 1 shows all the diagrams entering the O(α0s)
for a two point correlator and Fig. 1 their first
order gluonic corrections.
Figure 1. O(α0s) contributions to the quark con-
densate operator
Figure 2. Gluonic corrections to Fig. 1
In Fig. 2 one observes there are gluons attached
to quark propagators with zero incoming mo-
menta and this may cause infrared divergences.
In order to regularize these divergences we use
dimensional regularization. Doing so, one cannot
distinguish between ultraviolet and infrared ones,
all of them manifest as 1/ǫˆ (and log(µ)) and hence
the total divergence of a diagram is the sum of
both. In this scheme only the box diagram has
an infrared divergence. The divergence of this
diagram is 1ǫˆ
(3+a)
4
αs
π
CF
2 where a is the arbitrary
3gauge parameter of QCD2. Together with the tree
level amplitude we get the structure:
〈q¯q〉
(
1−
1
ǫˆ
(3 + a)
4
αs
π
CF
)
= 〈q¯RqR〉ZmZ2F (6)
= 〈q¯BqB〉Zm =
mB
mR(µ)
〈q¯BqB〉 = 〈q¯q〉R (µ) ,
where qB = Z
1/2
2F qR, mB = Zmm and the sub-
script R stands for renormalized and B for bare.
We have used the fact that the product m 〈q¯q〉 is
a renormalization group invariant quantity and so
the divergence is absorbed in the renormalization
of the condensate.
After renormalization the final result reads [8]:
ΠV T = −i
〈q¯q〉
p2
{
1−
αS
π
CF
[
log
(
−
p2
µ2
)
− 1
]}
, (7)
which is independent of the a parameter, required
by gauge invariance and it is also a good check for
our calculation.
4. Three point functions
The case of three point functions is of great in-
terest because of several reasons. First, unlike
the two point case, there is a quite big amount
of them that are order parameters of the chi-
ral symmetry breaking. Second, in the frame-
work of RχT it involves vertices among reso-
nances and so it is useful to learn how they in-
teract. Third, there are a lot of χPT LEC’s that
can be determined with these Green Functions.
And fourth, by means of the LSZ reduction for-
mula we can relate the Green Functions with form
factors entering the calculation of many interest-
ing hadronic observables. Some phenomenologi-
cal applications of these functions can be found in
Ref. [9]. Fig. 3 accounts for the O(α0s) contribu-
tion and Fig. 4 represents their first order gluonic
corrections.
Due to the length of the results of this section
we will not include explicit expressions, which can
be found in Ref. [8]. These three point functions
can be divided into two subsets: odd and even
intrinsic parity sector.
The first set contains three Green Functions,
namely 〈V V P 〉, 〈AAP 〉 and 〈V AS〉. Due to
2We perform all our calculations in an arbitrary gauge a.
Figure 3. O(α0s) contributions to the quark con-
densate operator
Figure 4. Gluonic corrections to Fig. 3
Ward identities and time reversal, the three of
them can be written as:
Πabcµν (p, q) = εµναβ p
αqβgabcΠ(p2, q2, r2) , (8)
where gabc can be either dabc or fabc depending
on the time reversal properties of the Green Func-
tion. All these functions are finite and do not
need renormalization.
In the even intrinsic parity sector we have two
groups. 〈SSS〉 and 〈SPP 〉 need to be renor-
malized; 〈V V S〉, 〈AAS〉 and 〈V AP 〉 are finite.
Each one of the latter have only two independent
Lorentz structures, what defines two form factors.
5. Renormalization group equations and
anomalous dimensions
The definitions of the anomalous dimensions of
the QCD parameters, currents and operators are
the following:
µ
dJ(µ)
dµ
= −γJJ(µ) , (9)
1
m(µ)
µ
dm(µ)
dµ
= −γm = −
3
2
CF
αs
π
, (10)
1
〈q¯q〉 (µ)
µ
d 〈q¯q〉 (µ)
dµ
= −γ〈q¯q〉 . (11)
4Since m(µ)S(µ), m(µ)P (µ) and m(µ) 〈q¯q〉 (µ)
are renormalization group invariant objects, then
γS = γ〈q¯q〉 = −γm, and since V
µ and Aµ currents
are conserved γV = γA = 0. On the other hand:
µ
d 〈Πni=1Ji〉 (µ)
dµ
= −
(
n∑
i=1
γi
)
〈Πni=1Ji〉 (µ) , (12)
and under the conditions of order parameters in
the chiral limit eq. (12) leads to:(
n∑
i=1
γi + γm + µ
∂
∂µ
)
〈Πni=1Ji〉 (µ) = 0 , (13)
which tell us the scale dependence of the Green
Functions. The mass anomalous dimension ap-
pears in (13) as a consequence of the running
of the 〈q¯q〉 operator, the only one playing a role
(the β function is already O(α2s)). In particu-
lar, if
∑n
i=1 γi + γm = 0 there is no explicit µ-
dependence. All our results follow the renormal-
ization group equations derived presented in this
section, which is a good consistency check [8].
6. Summary
We have shown that after a correct understand-
ing of the infrared divergences present in the order
parameter Green Functions of the chiral symme-
try breaking those cancel out. Moreover they are
responsible for the running of 〈q¯q〉.
We have written renormalization group equa-
tions for all our Green Functions and our results
follow the scale dependence derived from them.
These results might be used to compute cor-
rections to some spectral sum rules analyis so
far done at leading order. But its main utility
is to understand how to go beyond the minimal
hadronic ansatz and how to include αs corrections
and scale dependence to the χPT LEC’s determi-
nation by imposing the short distance constraints
(now with a logarithmic dependence). Now we
understand the problems arising when matching
SSS and SPP results of OPE and RχT [5], but
still we do not know how to solve them [8].
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